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In a classical paper<1) Dirac has shown that quan-
tum mechanice allows the existerice of particleS'(mOnopoles)
bearing a magnetic charge. The gtrength of the magnetic
charge is not arbitrary: if monopoles must coexist with e-

lectrons,  the allowed values’ are(z)

(1) i, ,.”,_4§ = z}ﬂe4%/€; | - _,(n'integgr)_

' If dlfferent klﬂdu of charged partecles eX1st eq. (1) must

still be satlsfled if we substltute thelr charge for the e-

1'lectron charge (po 81bly Wlth dlfferent valuee of n) Thls

"means that the existence of monopoles would explaln the em-

plrlcal fact that the charges of elementary partlcle are all

maltlples of the electron charge e."

In thl° pdper We dlSCuSo the exten51on of quantum
electrodynamlcs to the case in Whlch both fl@ldo Wlth elec—

trlc charge and monopole flelds are present

(x) - (CERN - Geneva - Switzerland)



Previous theoretical treatments(3)imade use .0f the
usual representation of the e.m., field in terms of a vector

potential A A:
(2) A ) =du Ay ) - dy A (x)

The field produced by a point magnetlc oharge can .be deOGW1
bed in this way only if Af$ is allowed to be’alngular along
an arbitrary line (string) starting from the pole and going
to infinity.

This is clearly an unphysical feature, since the
singularity inygﬁQ*doééfﬁb%'errespond tojafsingularity in
the e,m, field EILV .

As we show in the following section, a non patholo
gical description of the e.m. field produced by a given di-

stribution of electric and amagnetic sources can be obtained.
| in terms of two vector potentials. The introduction of a se‘
cond potential is oompepsa+@d by an enlarvement of the gmmp
of gauge transformations, - |

In the next tWQ sections Wé Euild a quantized”theg
ry for the interactions of monopolés énd chérged @arficiés,
with the e.m. field without mak%ng{uﬁe of potentials. This
theory is an extension of thertfeatméﬁt recently given by S
" Mahdelstamn(4) for the ordinary electrodynamics. Monopoles
“and ‘charged particled are treated in a symmetrical way: -the
Cinternal consistency of the theéry requires the Dirac condi
tion (eq.  1).

In the ldst section we give a brief discussion of
the symmetry properties of the theory. We show that, although
parity is not conserved, parity non conservation effects cmn
only appear if nhy81ca7 monopoles are present. The LXtheﬁv

(5)

ce of monopoles is therefore not contraddicted by the con
servation of parity in ordinary electromagnetic processes,

in which monopoles might take part as virtual particles.
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_The Maxwell equations in vacuo can be written as:(6)
(3) p Ty X) = pu(x)
nd ‘
Puy (x) = O

gy J

hIf sources of the magnetlc field are allowed eQQ (4) should
be substltuted by - | I

where the four.vector.g _ reprgsents.the,magnetiq current
~and the, density of magnetic.charge. Equations (3) and (4')
can be solved by means of two -vector. potentials, -Ingtead. of

one:

I Augf wﬁ;‘ '

.(5_‘) (/ A] Ui,/]/q_ é f !r)g,\

Ay and By are determined by Eu;zi"up 0’ a group of gauge

~ transfor matlons, “this contains individuasl gauge: transforma-

_tiOns, 1ike

AL A 7‘“(},44../*-

’ /lﬂ. 2 _/A. -'C,&(»
'a% W@lL as m1X1ng EraﬂSLOWmathHS
” 4 > 4,,, _+,4

3-*-4. - B
A' and B' shall satisfy the "zero field conditions"

-(7)

L ey
(7). OZ,,,_A,, d, 4,,1+ £~ C"g 455\ =0 .

‘ Note that transformatlons 6 are par+1ouiar cases of 7._
We can use (@) to 1mpose Lorentz condlulons on A%*

and B}L S0 that they Wlll satl fy tho follow1ng set of equa

ht}o?éi %mldﬂA,“'Ju.éutJ;J
(8) rj Aa = dﬂ~

""I 3"% = :?/“
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gauge tran formatlons of kind {6} with I A= E] 0, or{7)
with JA&;AQ& = ¢£M 5ﬂA =§O_a?e,sti11:allowed in the pof
rentz gauge. ' ‘

In the absence of sources (gﬁ¥‘5; &M;efo) we can a-
dopt the usu%l vauge 1n Whlch %uyfi O,'butAwe coul@»equally
well adopt ) @augc in Whlch 4%~ = O,vor a general one as in

eq, (5). The introduction of a second potentjai aoes not due

~to the mixing transformations. Cduse an . 1ncrease of the num-

ber of the lndbpendent varlableb which des Lflbe a free field,
If we analize the free field in terms of photons we shall
Still'héVeloniy two photons for edch value of the linea® mo-
mentum, The wave function of a given photon will’ however de-
pend on the gauge adopted.

Any the@ry baqed o1 the general de crlption (5) for
the e.m. fleld should be 1nvar4ant under the Whole of gauge
transformations (6) and (7).

- We-note that -if oﬁly;monopoles;and,no'charged parti
cles were present one can adopt a desorlptlon in terms of BM,
only. The resulting theory will: 06»51m11ar to,ordlnary elec-
trodynamics, the only difference’ being in the higher value of
the coupling constant. (the mlnlmum Value aL]oweq by eq. (1)
is ‘?2/277 = 34.25). This tmeatmenu could be adequate for so-
me problems like the annihilation’, of a monopole—anblmonopole

pair into photons.

: Mandelstam has Tocentiy gﬂven a treatment of quantum
electrodynamics in which no use 13 made of potentlalof We ex

tend this apbroaoh o the case in Wthh both charged partlcles

and monopoles are in 1nteractlon Wlth the electromagnetlc field,

The Dirac condltlon (eq 1) for th@ electrlc and magnetlc char
ges 1s necesgsary for the congis tency of the theory,'the theo-
ry is TLorentz. invariant and symmetrloal between charges and

monopoles.
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To proceed by steps, we shall first consider the ca-
se of & scalar charged field, Rxﬁ, representlng particles of
'electrlc eharge e,’ln 1nteractlon with the electromagnetic
fleld° Suppose,_for the moment, that no magnetic sources exist,
so that eqs. (3) and (4) hold, and the e.m. fleld can be de-
scribed by S vector potential A/I(X) (eq. 2). FollOW1ng Man-

delstam, we 1ntroduoe a new fleld quantlty

19) ;S'(x P) = )‘“(x)exp/ zej /4/«,/% ‘{fq7

‘ The 1ntegral is evaluated on @ spacelike path P ending at the
‘ polnﬁ.x,_Tne new - quantity .jng; ~) does not depend.on the
gauge selected for A/l but depends on the path P.

If we change the path from P to P' as in figure 1,

gé changes9 from eq (9):

(9 )7£(x,r>) = %(X P)exp/—éz ;14,4/44“54«7

| the 1ntegral 1s now evaluated on the closed path P'—P'° using

the relat1v1st10 generallzatlon of Stokes theorem

/ 4. 7]
(10) 9‘(%, P) = o (x, ,a)ex/;/'[ / AV(‘(E,/‘“J/
‘Nhere S is a eurfaoe dellmlted by the path P! ~P. Derivati-

ves of 7$(Y F7 corrcspond to the "gauge 1nvar1ant derivati

ves" of }ﬁ[x)



. ' x
w4 BiP) = i wafvo[w 4ot ]

The derlvatlves of §5{}'/?) do not commute:

{»(»12‘) | 07_755[,\/ ,D) ;5/;( P)fze ;)(X)J

At thi's point we can forget eg. (9) and consider
95(X/ﬁv as Qeflned by its path dewendence, Whlch can be e-
spressed dlrectly in terms of the e, m. fleld ;uv (eq 10)(7>
Ea, (10) can be used in the general case in which magnetic
sources are present.and the e.m. fid cannot be described
(eq. 2) in terms of a singie potential. Its coherence re-
,quires howevgr thai‘the‘change iﬁ  £5,does not depend on the
pdrticular choice of the 2 dimensional surface S. If S1 and

Sp are two such surfacess

@(X,P)ex/:.//e/z/ ,,u_/ ‘,5(% /3)£X/'3/ g// Vﬁfé;,{pj

so that for the clo sed 2 - dlmensjonal surface S = S4q- 82,(8)

7. y

We can change the surface integral to an integral over the

*’é*’/o -£'¢ /,I ”/,w

volume V enclosed by S and, using eq£49, obtain:

(13) ex/mZ zefd?/hal L/_/ a

Eq. (13jshould hold for any spacellke volume V Apart from
the trivial case 5/L O considered by Mandelstam,‘other 80—
lutions exist, which correspond to the existence of Dirac Mo
nopoles: _ » ‘ _ _

(i) If gﬁk»is a ciaSSical (d»humber)”soﬁféé; éq.<13jrequi—
res that e

(14) /%Jd

4?#4&
ﬁ,
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gince V i1s completely arbitrary, eq.i14)can only be satisfied
if 8 ae. is due to one or ﬁore pointlike gources, each with a
magnetic charge multiple of g = 2 J] /e.

(ii) If g4 1§ a quantum operator; eq,703)is satisfied in
operator form if all the eigenvalues of Qy are multiple of g.
Thig is true if & pe represents the current of one or more
quantized fields, ‘each of them bearing a magnetic charge which
is a2 multiple of g. These fields would then be associated with
monopoles.,

The Maendelstam scheme for the interaction of a char-
ged field with the e.m. field can therefore be extended to
the cage in which monopoles exist, as long as thelr magnetic
charges satisfy the Dirac condition (ed. 1).

The exbtension of the scheme to the monopole fields
is sgtraightforward: a scalar monopole of magnetic charge g
will be described by a path dependett field quantity Wik, P).
The path dependence will be asgumed tc be given by:(g)

(15) WG R) VI R) e [0 A B 3, ]

The derivatives will obey the communication relations:

&) fdy L)Vl P) = r))- i E R 0]

These equations are the dual(6) of equations(10)and
ﬁé& In parallel to the case of a field with electric charge,
the coherence of eq. US}requires gome constraint on the elec-—

tric current Ju o
- /

o er LG YT )

This condition can be  satisfied if the electric charge

ie quantized.

The scheme introduced in the last section for the de-

scription of charges and monopoles in interaction with the e.m.
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field does not contain pathological elements, like the string
singularities. The path dependence of the field variables is

due to the fact that the space, in presence of an e.m. field,
appears to a charged particle as curved<4);

In this section we will Qomplete‘the scheme by postu
tating a set of equations of motion and commﬁtation relations.
We will proceed in three steps, considering caées in whichs
(1) only charged .particles are presents; (ii) only monopoles
are present; (iii) both charges and monopoles are present. We
note that the use of -Lagrangians should be considered here
only as an heuristic procedure, The problem of the derivation
the equations given here from an action principle Will be trea
ted in a forth coming paper.

For case (i) we follow the procedure given by Mandel-
stam<4)z from a Lagrangian (m is the mass of the charged par-
ticle)

U0 ol = (G F)Gut) - MR - L B B
we get fhe'foilbwing eqﬁatioﬁs'Sf motion

Cih -meb =

EX RS ;..,uw U3h) - (o 4]

This set should'be completed by equation (4).. As we have seen.,

(19)

eq.(4)cannot be considered as a necessary constraint (as Man-
- delstam does). We can nevertheless Jjustify eq;(4)sincekwe ha~-
. ve shown that the only admissible;inhomogeneous‘termé'g/{ in
equation(A')represent Dirac Monopoles. From the Lagrangian{18)
one can derive the follow1nﬂ commutatlon relationss (4) (for

equal tlmes)

), 2Ly, P/J /;é/xp/ 9‘//, P)]-
/;4/,(,,0), Ely,P)] = [#0x,r), ?5/7/7’)7 =0
L5 6um), (2] <[5 2) , #0,)T7 =



:, plus equatlon 3 Wlth J/M

- 9 -
BEto2), 30,207 <[4102), 37, )] < ~id Y-y)
[M?/ i) - [%/X,P) f'/af/]:'o

/;;g‘/m) % )] = ~e/ ﬂ!‘?,'fj (y);f) 75/4',/3)
—ﬁ)

Lo, fipl=e [ agid %9 #in2)

A dot denotes differentiation in respect to t; when the dot

(2

is enclosed by in brackets, as in equations (20‘), the equa
tion holds whether or not it is present.
The commutation relations for the components of F

are the same as in the free field case

[y, B )] =[50, %is ()] =2
(21)

C[E, k/ay}‘/'*z {)J;---J%—g—s//xy)
Case (11) is related 4o case (1) by the duality operatlon(6),
so that in this case the pquatlon of motion WllT be Q/{ is

the mass of the monopole)

(22) Oy -l =0
Ay gec L7 [HY)- (0]
= O. In,analogy,W1th eq (20') we

will have

~~

Lbtom, By ] =05 Fipty] <o
_(23>/m( 7)) fy Eily)] = ~J/ df(j‘(y f)gy(x,p)
Z’f"‘(x,ﬂ/, Eily)] = /afj Sy - j’)v/’*u, P)

The commutation relations’ among jp ‘and ”Xﬂ* can be obtal
" ned by eq.(ZO) substituting ¥ for ¢ ;, ¥ for @ .
-The commutation relations among different compo-
nents of Ekvfwill still ‘be given by'eq,(21g'sincé these are
easily_seén to.be invariant under the duality operation.
We come now to. the general case (iii) in which we

have a field ¥ bearing an electric charge e and 'a mono-
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pole ileld V’ Wlth magooblo oharre g. In this case we see
that a complege_aﬂd eoherent scheme'iS“given“by the path

dependence of the ﬁﬁo fiero, specified by eq. @Q)and 65}

' toghethor Nlth the equatlons of motlon{19;and.@2) and the

communication relatloHSIZQ,(ZO) 1)amd(23h

Tt is eaelly seen that the coherence condltlone e-—
spressed by equatlone(13>and(16)are automatloaliy sgtisfied
if (and only if) the oharges e and g satjsiy the Dirac condi
tion (eq. 1).
(10)

We Wfﬂl assume that for equal times

In the theory preseﬂted here the parlty is not con

served; in faot if TﬁJ’v is a tensor, QV Eﬂp ig an axial

vector, while gﬁb ;s a veo%or. Thig is not surprising,

since monopolee v1olauo p@rluy also in a classical theory:
for 1nstance in a magneulo fleld a monopole aoeelerate in
tThe dlreetlon of t%e*magﬂetlo field, Also C, the conjuga-
tion of the electric oharge; is not conserved. We find ho-
Wever new symmetrief by oomblnlnﬁ the usual operations P
and C with the Telleotﬂon of the magnetic oharge(11>

Both C' = C M and P' = P} are oonoerved In proeesses in
which monopoles are not present as phy Lcal partlclee, P!
and C' are equlvalent to the usual‘operationstPiand C, and
no parity (or Q) violatioﬁ igs espected. The existence of
monopoles is not therefore contraddicted by the observed
parity conservation (and invariance under charge conjuga-
tion) in ordinary electromagnetic processes.

We are indebted to Prof. E. Amaldi who stimulated

~our interest.in this .subject, and to professors R. Gatto,

V. Glaser and L. Van Hove for discussions..
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The symmetry between the electric field and the ma-

gnetid field is expressed by_thg.duality operation

~ = TS , b .
Fav = - 377 B0 (%97 the completely anti-
,Qymmetrlc Riced tensor, f?* J

Thlo operatlon is cqulvalent to the subs.itutions
i -y
E — H, H - -E,

A
Note that Foav = = Buy
Eq. 12 can be derived directly from eq. 10, as shown
in (4).
The algebraical manipulations need some justifica-
tion when the various gquantities are guantized. For
our ends 1t is sufficient to consgider varigtions of
P on a gpacelike tridimensional surface S which
containg X (e.g. t = const) and we also restrict
the surface 3 to lie on ¥ . In this case we have

only to treat spacelike paths, surfaces, valumes.
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In our communication relations, eq.(éO}—(éé)‘it
should be undér gtood that both X, ¥y oas wellias
the paths P and P' should all lie on a spacelike

“surface, The commutation relations in more gene-

rel cases will be obtained by them and the path
dependence laws ('l O) end f"l 5),

The exten sion to the case in which we allow paths

| which ~are timelike one respect to the -other will

be treated in a forthcoﬁing paper.

"In a theory in which only monopoles are present
we can describe the e.m. field f%¢3 - in terms of

a po+enfia14 é%av (see sect. 2). In this case eq.f5)

5

can be derived from a definition of ‘%’(X, P) si-

\mllar to ed. (9) ' E

lx, )= () Lk’b[}’}f fzg‘-’ 3.05)]

This commutation relation is not changed by ispla

cing any of the two paths on a spacelike surface

(see footnote 8) only if the Dirac condition (1)
ig satisfied.

N.F. Ramsey, Phys. Rev. 109, 225 (1958).
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